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The one dimensional SU(2) Kondo Lattice model is studied by Density Matrix Renormalization
Group away from half-filling. We find signatures of a Heavy Tomonaga-Luttinger Liquid (HTLL)
phase, which describes one dimensional Heavy Fermions. We compute the wave-vector dependent
charge and spin susceptibilities. Our results establish divergent charge and spin correlations at the
large Fermi surface kF + pi/2, and its harmonics. We also find a signature of the hybridization gap
at the small Fermi surface. We compare our N = 2 results to the large-N Slave Bosons mean field
theory of the SU(N) Kondo Lattice model, and find crucial effects of the RKKY interactions on
the generation of renormalized effective mass for the N=2 model.
Introduction — The Kondo Lattice (KL) [1–3] de-
scribes itinerant conduction electrons Kondo-coupled to
localized spins in each unit cell, by an SU(2) symmet-
ric magnetic interaction. The KL has been intensively
studied as the microscopic model of heavy fermion (HF)
metals in rare earth compounds. Nevertheless, much re-
mains unknown about its low energy correlations.
The large-N approximation of the SU(N) model is
given by Slave Bosons Mean Field Theory (SBMFT) [4–
7]. It describes a Fermi liquid of hybridized conduction
and valence electrons with a large Fermi surface. It in-
cludes conduction electrons and localized spins as itiner-
ant fermions, in agreement with Luttinger’s theorem [8–
10]. Signatures of the large Fermi surface were found
numerically in one dimension [11], and experimentally in
HF compounds [12, 13]. The SBMFT predicts an expo-
nentially large (in inverse Kondo coupling) effective mass
m∗. However, the validity of the SBMFT for the physical
N = 2 KL, has been severely challenged. Inter-site mag-
netic interactions, named RKKY [14], emerge at second
order in the Kondo coupling, and in 1/N2 [15], but are
neglected in the large-N approximation. RKKY inter-
actions may well destabilize the HF metal by magnetic
ordering [2], or at least change its low energy scales and
correlations [16]. If a Fermi liquid phase is indeed found
at weak coupling, the crucial question is: How does the
effective mass m∗ depend on the Kondo coupling con-
stant?
The one dimension (1D) KL has been notoriously re-
sistant to treatments by exact solutions, bosonization,
quantum Monte Carlo and field theory, especially away
from half-filling [17]. Its phase diagram, see Fig. 1,
has been determined numerically [11, 18, 19] using ex-
act diagonalization and Density Matrix Renormaliza-
tion Group (DMRG) [20]. From the analysis of spin
and charge density Friedel oscillations, and the large-N
approach [21] a Tomonaga-Luttinger Liquid [22] (TLL)
phase was detected, with a large Fermi surface [9] and a
small Luttinger parameter (although some controversy
remained [23, 24]). The large-N approach predicted
an exponential mass renormalization, which has not yet
been confirmed numerically.
FIG. 1. Schematic phase diagram of the Kondo lattice model
in one dimension. nc is the conduction electron density,
and J/t is the dimensionless Kondo coupling constant. FM1
and FM2 [25–27]. are ferromagnetic regions. The paramag-
netic phase (blue) is characterized as a “Heavy Tomonaga-
Luttinger liquid”. The DMRG calculations reported here are
carried out at densities nc = 0.6, 0.67 and 0.875.
In this paper we probe the TLL phase with new tools,
in order to expose the low energy momentum and velocity
scales. We use DMRG to compute the full wave-vector
dependent charge and spin susceptibilities. We obtain
the Heavy Tomonaga-Luttinger Liquid (HTLL) proper-
ties, including the large Fermi wave-vector, Luttinger
parameter, and both spin and charge velocities. Away
from half-filling (nc = 1 in Fig. 1), the spin velocity,
which is inversely proportional to the effective mass (e.g.
vs ∝ 1/m∗), is found to scale as a power law of the Kondo
coupling, in contrast to the large-N prediction [21]. On
the other hand, a charge gap is found at twice the small
(conduction electrons) Fermi wave-vector, which is con-
sistent with the hybridization gap predicted by the large-
N approach. We conclude with a comparison between
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2the N=2 results and the SMBFT, which illuminates the
effects of RKKY interactions on the low energy physics
of the KL.
Model — We study the SU(2) 1D KL model,
H = −t
∑
i,s
c†i,sci+1,s + H.c + J
∑
i
~Si · ~si, (1)
J is the Kondo interaction. cis annihilates an electron at
position i = 1 . . . L with z-spin s. sαi =
1
2
∑
ss′ c
†
isσ
α
ss′cis′ ,
and Sα are spin-half operators of the conduction elec-
trons and localized f-spins, and σα , α = x, y, z, are Pauli
matrices. The conduction electron number Nc = ncL
defines the “small” Fermi wave-vector kF = ±piNc/(2L).
The “large” (Luttinger theorem) Fermi wave-vector is
k?F = kF +
pi
2 .
The phase diagram in the nc, J/t plane, was deter-
mined previously by several groups [11, 19, 25–31], as
depicted in Fig. 1. There are two ferromagnetic regions,
FM1 and FM2, at strong and moderate Kondo couplings.
In this paper, we focused on establishing and character-
izing the paramagnetic regime as a Tomonaga-Luttinger
Liquid (TLL) phase [22, 32].
Observables — The uniform spin and charge suscep-
tibilities are given by differentiating the ground state en-
ergy E0(L,Nc,M), where M =
∑
i(S
z
i + s
z
i ) is the con-
served magnetization
χs(L) =
1
L
(
∂2E0
∂M2
)−1
, χc(L) =
1
L
(
∂2E0
∂N2c
)−1
. (2)
By the TLL theory, these are related to the spin and
charge velocities by
vs = χ
−1
s /(2pi), vc ≡ χ−1c K/(2pi), (3)
where K is the Luttinger parameter. In a TLL, the spin
and charge density Friedel oscillations near the bound-
aries are given to leading order by [25, 33]
〈(Szi + szi )〉 = B1 cos(2k?Fx) xi−K , (4)
and
〈
∑
s
c†iscis〉 = A1 cos(2k?Fxi)x−
K+1
2
i +A2 cos(4k
?
Fxi)x
−2K
i .
(5)
This allows us, in principle, to extract k?F and K. There
are also sub-dominant contributions to Eqs. 4 and 5 at
other wave-vectors, which could allow us to extract more
information about the TLL phase. However these are
difficult to probe numerically, therefore we use a com-
plementary approach, and compute the wave-vector de-
pendent susceptibilities by adding source terms to the
Hamiltonian H = H0 +H′,
H′ = −hq(Szq + szq)− µqρq,
for an operator Oi, Oq is the lattice sine transform. The
susceptibilities are
χs(q) = − 1
L
∂2E0
∂h2q
, χc(q) = − 1
L
∂2E0
∂µ2q
, (6)
where hq and µq must be taken to be numerically larger
than finite size spin and charge gaps.
Method — We use open boundaries, with U(1) [34]
and SU(2) [35] DMRG [20, 36]. Lattice sizes were L ≤
192. We retain up to 5500 states in the reduced density
matrix. We found that 28 sweeps were sufficient for good
convergence. The DMRG relative truncation error was
less than 10−8.
Friedel spin density oscillations were found at twice the
large Fermi wave-vector 2k?F = 2kF + pi, in agreement
with Luttinger’s theorem. The signature of 2k?F in the
charge Friedel oscillations is too weak for detection [11,
18, 19, 28–31, 37].
We also determine the Luttinger parameter K by mea-
suring the power law singularities of the density operator
nq at 2k
?
F and 4k
?
F . To this end we use the expected
scaling in the TLL theory
nq = −∂E0
∂µq
∼ µ(
∆(q)
2−∆(q) )
q , (7)
where ∆(q = 2k?F ) =
K+1
2 , and ∆(q = 4k
?
F ) = 2K are
the scaling dimensions of nq at the two wave-vectors 2k
?
F
and 4k?F . We find good agreement for the values of K
extracted from ∆ and from the charge density Friedel
oscillations in Eq. (5).
(a)
(b)
FIG. 2. Charge susceptibility versus wave-vector, for nc =
0.875, J/t = 2.5 (point (a) in Fig. 1). (a) SBMFT approxima-
tion. (b) DMRG calculation. k?F denotes the large Fermi sur-
face wave-vector. Finite field scaling reveals divergent peaks
at 2k?F and 4k
?
F , as expected for a TLL. A weaker, non di-
vergent, peak is found at twice the small Fermi surface 2kF ,
which can be attributed to an inverse hybridization gap.
Results — We chose three fillings, nc=0.6, 0.67, 0.875,
with associated ranges of coupling constant J/t, within
3(a)
(b)
FIG. 3. Spin susceptibility versus wave-vector, for nc =
0.875, J/t = 2.5. (a) SBMFT approximation. (b) DMRG
calculation. Finite field scaling reveals a divergent peak only
at q = 2k?F .
the paramagnetic region (shown in Fig. 1). The lower val-
ues of J/t were limited by the rapid increase of ground
state entanglement, which approached the numerical lim-
itations of our DMRG calculations.
The Friedel oscillations of the spin density are domi-
nated by wave-vector 2k?F . The charge density oscilla-
tions have A1  A2, and since K < 0.33, it is hard to
resolve the sub-dominant 2k?F oscillations [33].
Figures 2 and 3 depict the bulk spin and charge suscep-
tibilities respectively. We note the detection of peaks at
2k?F in both spin and charge sectors, which firmly confirm
the TLL phase with a large common Fermi wave-vector
k?F . The peak at 4k
?
F marks the second harmonic of 2k
?
F ,
which is to be expected for a TLL with small values of
K (see Eq. (5)).
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FIG. 4. Luttinger parameter K on the three lines shown in
Fig. 1. The values of K . 1/3 throughout the HTTL phase
(see text) indicate effects of strong repulsive interactions.
In Fig. 4 the values of the Luttinger parameter
K(nc, J/t) are depicted, we note a monotonic decrease
as a function of J/t, signaling stronger repulsive interac-
tions at weak coupling, as found earlier by Shibata et.
al [21].
(a)
(b)
FIG. 5. (a) Spin velocity as a function of J/t at the different
fillings. Solid lines are power law fits vs = A(nc)(J/t)
α(nc).
We note a significant increase of α and a decrease of A as nc →
1 (see discussion). (b) Charge velocity (circles) and inverse
charge susceptibility (triangles) related by χ−1c = 2pivc/K.
Note the relatively weak (J/t) dependence of χc (see discus-
sion).
The spin and charge velocities of the TLL, as com-
puted by Eq. (3), depict qualitatively different behavior,
as can be seen in Fig (5). The spin velocities, vs(J/t), are
highly suppressed as the Kondo coupling J/t is decreased.
This “heaviness” is the hallmark of HTLL phase. We
can fit the vs(J/t) data at weak coupling to power laws
vs ∝ (J/t)α(nc), where 1.1 < α < 8.5, which appears
to increase sharply with nc toward the half-filled limit
of nc = 1. In contrast, the charge velocity vc is that of
the uncoupled conduction electrons Fermi velocity, and
is given by vcF = −2t sin(k?F ). vc seems to be at least an
order of magnitude larger, and varies moderately with
J/t and nc.
Large-N approximation — The SBMFT as applied to
Eq. (1), yields a hybridized band structure,
HSBMFT =
∑
ks
kc
†
kscks + r0c
†
ksfks + H.c + ff
†
ksfks
=
∑
ks
E±k α
†
±,k,sα±,k,s, (8)
4f
c
sv
cv
f
FIG. 6. Band structure of the SBMFT Hamiltonian. k is the
tight binding kinetic energy, E±k are the hybridized bands, r0
is an hybridization variational parameter. Grey shaded area
denotes the occupied part of the Fermi surface. Blue colored
“f” and orange “c” denote the f-character and c-character
parts of the band. Note the reduction in the velocity vs as
compared to the Fermi velocity vc.
where fk,s represent the spins S
γ
i =
1
2
∑
s,s′
∑
k,q f
†
k,sσ
γ
ss′fk+q,s′e
−iqxi and
∑
s f
†
k,sfk,s = 1.
The bare conduction electron band structure
k = −2t cos(k), and the hybridized bands E±k , are
shown in Fig. 6, are
E±k =
k + f
2
±
√(
k − f
2
)2
+ r20, (9)
f and r0 are variational parameters, which depend on
J/t and nc. Solving the mean field equations at weak
coupling yields,
r20 =
(
k?F − kF
2ρ0k?F
)
e
1
ρ0J , (10)
where ρ0 =
1
4pit sin(k?F )
is the (single spin) conduction
electron’s density of states at the large Fermi wave-
vector. r20 determines the Fermi velocity suppression as
v?F = 2tr
2
0 sin(k
?
F ), and r0 yields the minimal hybridiza-
tion gap at kF . As shown in Fig. 6, kF marks a sharp
crossover in the character of the quasiparticles from c to
f fermions.
Discussion — We note that the SBMFT describes non-
interacting fermions, (in essence a TLL with K = 1). Its
spin and charge wave-vector dependent susceptibilities,
are depicted for comparison with the DMRG in Figs. 2
and 3. SBMFT exhibits logarithmic singularity at 2k?F ,
which is weaker than the DMRG power laws analyzed
by Eq. (7) to yield K < 1. The DMRG exhibits an
additional peak in χc(q) at 4k
?
F , another consequence of
K < 1.
There are two similar features of the SBMFT picture
and the DMRG results from which we can better under-
stand the origin of the HTLL phase: (i) The relatively
large difference between charge and spin susceptibilities
In the SBMFT the character of the quasiparticles at k?F
is largely that of f fermions. Since f electrons have zero
charge susceptibility, its ratio is
χs
χc
= r−20 ∝ e
1
ρ0J , (11)
We find that for the KL, this ratio is indeed large. It
differs from other TLL systems which derive from a single
band model such as the Hubbard model [32]. Similarly
to the SBMFT, χ−1c is a much weaker function of J/t
than the inverse spin susceptibility, as shown in Fig. 5.
(ii) The unique feature of the SBMFT is the existence of
an intermediate energy scale, the minimal hybridization
gap at the small Fermi wave-vector E+kF − E−kF ∼ 2r0
(see Fig. 6. We find a signature of this gap at 2kF in
the charge susceptibility. This feature is observable in
the SBMFT susceptibility at very weak coupling. Its
existence is a strong indication that “something is right”
about the hybridized band structure origin of the HTLL.
The most important difference between the large-N
SBMFT and the N=2 DMRG results, is the exponential
versus power law dependence of χs(J/t). The SBMFT re-
sult indicates at a marginally relevant effect of the Kondo
coupling at large-N . The power laws indicate the effects
of a relevant perturbation, most probably of the emergent
RKKY interactions, which are known to be logarithmi-
cally divergent at 2kF in one dimension. In addition, in
Fig. 5, we see that the power law significantly increases
toward nc → 1. It is numerically hard to distinguish be-
tween a power law and an exponential scaling for large
α, however we do see a clear power law dependence away
from half-filling. The origin of this increase is still uncer-
tain, but may be closely related to the phase transition
at nc = 1 into a spin and charge gapped Kondo insula-
tor [11].
Summary — Our DMRG results of the spin and
charge wave-vector dependent susceptibilities, establish
the Heavy Tomonaga-Luttinger Liquid phase of theN=2
Kondo Lattice model at weak coupling and away from
half-filling. We find hybridized bands features in the nu-
merical results. Analyzing the scaling of the Luttinger
parameters with Kondo couplings and fillings sheds in-
teresting new light on understanding the relevancy of
RKKY interactions, which are missing in the large-N
theory. In the future, these insights may lead to finding
a route to bosonize the one dimensional KL, and a way to
understanding the role of RKKY interactions in higher
dimensions.
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SUSCEPTIBILITY CALCULATION
We compute the wave-vector dependent charge (χc)
and spin (χs) susceptibilities, as described in the main
text. These are given by
ρ(q, µq) =
e0(q, µq + δµq)− e0(q, µq)
δµq
= χc(q)µq+O(µ2q),
(S1)
and similarly,
m(q, hq) =
e0(q, hq + δhq)− e0(q, hq)
δhq
= χs(q)hq+O(h2q),
(S2)
e0(q, µq) (or e0(q, hq)) denotes the ground state energy
density in the thermodynamic limit in the presence of a
charge (spin) density wave perturbation with wave-vector
q and amplitude µq (hq).
Finite field density response for nc = 0.875 and J = 2.5
is depicted in Fig. S1, from which charge susceptibil-
ity is derived. We show the response at three wave-
vectors: q = pi/2 (red), q = 2k?F = 2kF + pi (blue),
and q = 4k?F (green). All wave-vectors are fitted using a
power law ρq ∼ µβq . By using β we find the wave-vectors
for which the susceptibility diverges and extract the Lut-
tinger charge interaction parameter. As an example, for
nc = 0.875 and J = 2.5 charge Friedel oscillations yield
K = 0.3. The density response scaling at q = 4k?F yields
K = 0.25, and at q = 2k?F we get K = 0.368. Based on
the trend of our data, if one could lower the amplitude
of the applied fields one should see better agreement.
In Figs. S2 and S3 (see also main text) we plot the
susceptibilities. For the wave-vectors in which the sus-
ceptibility diverges, we estimate the susceptibility by a
linear extrapolation, i.e., the amplitude is the slope of
the lowest applied fields.
SUSCEPTIBILITIES AT A DIFFERENT FILLING
In addition to the density shown in the main text we
also compute the susceptibilities for a conduction elec-
tron density of nc = 0.6 and J/t = 1.5. For both
charge and spin susceptibilities the divergence occurs
for the same wave-vectors, as seen in Figs. S2 and S3.
The charge susceptibility has two diverging wave-vectors:
q = 2k?F and 4k
?
F and a feature at q = 2kF . As for the
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FIG. S1. Finite field density response for nc = 0.875 and
J = 2.5, from which charge susceptibility is derived.
spin response, a divergence is seen at q = 2k?F . In gen-
eral, due to small finite size spin gaps, and therefore ex-
tremely low spin velocities (see main text), convergence
of the spin susceptibility is worse. Error bars are ob-
tained using a comparison between positive and negative
perturbation amplitudes.
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FIG. S2. DMRG calculation of the charge susceptibility. Fi-
nite field scaling reveals divergent peaks at 2k?F = 2kF +pi and
4k∗F , as expected for a TLL. A weaker, non divergent, peak
is found at twice the small Fermi surface 2kF , which can be
attributed to an inverse hybridization gap
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FIG. S3. Spin susceptibility, finite field scaling reveals diver-
gent peak only at q = 2k?F .
FRIEDEL OSCILLATIONS
As it was discussed in the main text, we can compute
the Luttinger parameter K, either by using the Friedel
oscillations, may it be charge or spin, or by using the
scaling relations of the response functions. Friedel oscil-
lations offer two ways, we can either fit the entire function
as given by
σi = 〈(Szi + szi )〉 = B1 cos(2k?Fx) xi−K , (S3)
and
ρi = 〈
∑
s
c†iscis〉 = A1 cos(2k?Fxi) x−
K+1
2
i
+A2 cos(4k
?
Fxi) x
−2K
i , (S4)
or we can fit the decaying envelope (x−m, where m is
wave-vector dependent). If the Friedel oscillation data
contains a single spatial frequency (i.e, only q = 4kF os-
cillations), we find that it is more reliable to fit the entire
function. This also allows for an estimate of the upper
bound on the missing frequency’s amplitude. An example
is shown in Fig. S4. We take system of length L = 160,
and perform a least square fit to Eq. S4. According to
the fit, A2 = 0.116 ± 0.013 while A1 = 0.009 ± 0.005,
the Luttinger parameter is K = 0.31 ± 0.02. The large
difference between the two amplitudes is a common fea-
ture to all fillings and interaction strengths. We believe
that the 2k?F mode is parametrically suppressed due to
the strong repulsion in the model and therefore is hardly
seen in charge Friedel oscillations.
If there is more than one wave-vector present, we find
it hard to filter the data without interfering with the ex-
tracted parameter values, therefore we fit to the envelope
function, which induces a larger uncertainty. We repeat
this procedure for each system size and extrapolate to
the thermodynamic limit using K(L) = K+a/L+ b/L2.
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FIG. S4. Friedel charge density oscillations for a system of
L = 160 sites. The orange line is a fit to Eq. S4.
BOUNDARY PERTURBATIONS
Throughout the paper we used the following boundary
perturbations in order to induce spin density Friedel os-
cillations. Opposite magnetic fields were applied at the
boundaries as suggested by Shibata [1]
HSFO = h(s
1
z − S1z − sNz + SNz ). (S5)
We varied the strength of the boundary field in the range
h = 0.1− 0.3t, with no significant difference.
ANALOGY TO THE HUBBARD MODEL
Friedel oscillations fail to reveal the large Fermi mo-
mentum in the Kondo lattice, this also occurs in the
Hubbard model [2]. As one increases the on-site repulsion
strength U of the Hubbard model, one sees a suppression
of the response at q = 2kF with an increasing amplitude
at q = 4kF , however the response at q = 2kF is present
for any finite U . For U → ∞ the Luttinger parameter
approaches K = 1/2. Due to the scaling dimensions of
the two terms in Eq. S4, for K > 1/3 the q = 2k?F re-
sponse is dominant, regardless of the magnitude of the
non-universal amplitudes A1, A2. One can view this pro-
cess as the loss of spin significance, as U is increased, the
fermions become effectively spinless. The fact that K is
bounded from below explains why the q = 2kF amplitude
never vanishes, and the spin-less limit explains why it is
suppressed.
In the Kondo lattice, the paramagnetic phase has a
Luttinger parameter which does not exceed K = 1/3.
In this case, a priori q = 4k?F should dominate. This
is compatible with our findings. We suspect that if one
goes to much larger systems, one could see a charge den-
sity Friedel oscillations response at q = 2k?F . The ad-
vantage of the susceptibility calculation lies in the fact
S3
that DMRG procedure is able to obtain ground state en-
ergies with high accuracy, and, while the non-universal
amplitude of the susceptibility might be small (as for the
Friedel oscillations), it is divided by the magnitude of the
perturbation which is also small.
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FIG. S5. Fourier transform of charge density (red) and spin density (blue) Friedel oscillations. Various conduction electron
densities (nc = 0.6, 0.8, 0.875 from the leftmost panel to the right) show the same behavior. For the charge density Friedel
oscillations, diverging (with respect to system size) peaks appear at q = 4kF , as seen in Fig. S5. For the spin Friedel oscillations,
the diverging peak appears at q = 2kF + pi. At nc = 4/5, a higher harmonic can be seen at q = 6kF + pi. We believe it is due
to a q = 4kF spin singlet mode which originates from the charge sector and a q = 2kF + pi from the spin sector.
